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Time Evolution of Infinitely Many Particles:
An Existence Theorem

P. Calderoni' and S. Caprino®
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In this paper we deal with systems of infinitely many particles in R®, given by a
two-body, short-range potential and an external potential, depending on the
position of the particles. We show the existence of dynamics for a set of initial
configurations, which has measure one with respect to the Gibbs measure
induced by a suitable family of Hamiltonians.

KEY WORDS: Systems of infinitely many particles; Gibbs measure; spa-
tial perturbations of the equilibrium.

1. INTRODUCTION

The existence of time evolution of infinitely many classical particles has
been much investigated in the recent literature. Such systems are very
difficult to study, since the presence of infinitely many particles could give
rise to catastrophic situations, which actually do happen: a particle with
infinite velocity or infinite particles in a bounded region in a finite time.

This problem arises quite naturally in a statistical mechanical frame-
work(? and a reasonable way to approach it is to prove that, for a
sufficiently large set of initial conditions, the motion of one particle is not
so much affected by very far away particles. Then the evolution of each
particle is essentially described by what happens in a bounded region
around it, and this enables us to define the infinite dynamics as the limit of
suitable finite particles dynamics.

Much care has to be devoted to the set of initial configurations which
we want to evolve. It would be very easy to make the evolution of some
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statistically “rare” set of initial data (e.g., with finite energy), but this would
be uninteresting from a siatistical mechanical point of view. Actually, we
are interested in describing the evolution of a set of initial conditions,
sufficiently large to be the support of thermodynamically interesting mea-
sures, like the Gibbs states.

In 1968 Lanford® proved an existence theorem for the dynamics of
one-dimensional systems given by a two-body, short-range, and smooth
potential. Dobrushin and Fritz in 1977 enlarged his results to singular
potentials®® and to two dimensions.*Y Moreover, they showed, by con-
structing an example, that their arguments, based on the energy conserva-
tion law, would not work at dimensions higher than two.

A very recent result is given by Pulvirenti.’> He studies the evolution
of states, instead of phase points, and shows the existence of the dynamics
induced by a Hamiltonian H,, for a state which is Gibbs with respect to
H,+ %, where h(q) is an external potential satisfying

. (9 T
fﬁkdexp[—h(q)]{exp[——agi)} —1]dq< + o0 (1.1)

where d > 1 is the physical dimension.

In this paper we try to make further progress in this direction. We
show the existence of the solution of the equations of motion for an explicit
set of initial configurations %, which is of full measure with respect to a
Gibbs measure », given by a Hamiltonian H= Hy+ h; H o is given by both
kinetic energy and a two-body, smooth, and short-range potentlal and 7 is
an external potential which forces the particles to be “quasi-one-
dimensionally” distributed. More precisely, A must satisfy the following
condition:

fe““’;(q) dg< c,0'™c VaeER” (12)
r

for any sphere I' of diameter ¢ and € < ~2 +5 (c, is a positive constant
depending only on a). All configurations in %, evolve under the action of a
Hamiltonian H = Hy+ h, where h is any external smooth, one-body
potential, bounded from below, with 4(g) < h(q)

We prove the existence of infinite dynamics for such systems, by
means of a method used in Ref. 6 and classical energy conservation
arguments,

We remark that the techniques involved here are completely different
from those used in Ref. 5. Also, condition (1.2) is unrelated to (1.1), unless
we are in the presence of asymptotically divergent external fields: in this
case, (1.2) is weaker than (1.1).
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2. DEFINITIONS, NOTATIONS, AND RESULTS

Let us consider a system of infinitely many particles of unitary mass in
R3. We recall some usual definitions, which we will make use of in the
following.

Let x denote a double sequence of positions and velocities, i.e.,

x=1{(g> P)}im1.. o> (s P) ER* X R,

Definition 1.1. x is called a locally finite configuration if for any A
bounded open set of R? it is:

lx N (AXRY) < +o0
where
xNAXRY={(g,p)Ex:qEA)
and |{-}| stands for the cardinality of the set {-}.

Let X, the infinite phase space, be the set of all locally finite configu-a-
tions, after having identified all sequences which differ only by a permuta-
tion. X is a topological space, if we define the following convergence:

Definition 2.2: Local Convergence. A sequence x" = {(g/,
P imr, . « converges to x = {(g;, p)}i=,. o in X if (i) for every A

[x" 0 (A X R =[x N (AXR]
(i) there is an ordering on particles in A such that lim, , p/ = p, and
lim, , .q” = g.
Let = denote the o algebra of Borel sets of %.
Definition 2.3. A state is a probability measure on (%, ).

For any A C R let %(A) be the phase space of all finite configura-
tions, namely,

%) = U %,(A)
nz0
where %X, (A) is the symmetrization of (A X R%)". %, (A) is endowed with its
natural topology.

Definition 2.4. A finite volume state v, is a probability measure on
(%6(A), Z(A)), where Z(A) is the o algebra of Borel sets in % (A).

Our particles interact via a two-body potential ®: R™ >R, r > ®(r).
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It is given also the action of an external potential 4 :R* >R, g— h(q).
We assume the following:

Properties 2.5. (a) Short range: ®(r)=0, Vr> R>0. (b) ® €
€%([0, R],R), @'(0) = 0. (c) Stability: Let

Ulgr-va)= 3 3%(l4- g

then there is a positive constant B, such that
UGy --59,) > —Bn

(d) h € CA(R®, R) and there exist b, ¢,, a,, a’ positive constants, with k = 1,2
and &’ < 1 such that

@) h(g) > —b, VgeR
(i) [DOr(g)| < el +
where

[2Oh(q)l = max [(Vh(q)),!

2 ) 9(Va(q)),
[ =, max |

with (v), the kth component of the vector .

We want to show that a considerably large set of initial configurations
%o C % evolves following the Newton equations. More precisely, we want
to prove the existence of a one-parameter group of transformations of %X,
into itself, T,: x > x(#) = T,x such that x(0) = x and, setting x(¢) = {¢;(¢),
Pi(t)}i=1 ..... 0> it is

4;=pi
5= F(Tx) (2.1

where F(T,x) = =3,V ®(lg, — ¢} = V;h(q)

The flow T, will be obtained as limit of suitable partial dynamics,
which we now define.

For any t €R, x €%, and A, open ball of R® centered at the origin
and of diameter n, let T;'x = x"(¢) be the solution at time ¢ of the Newton
equations describing the evolution of x N (A, X R, induced by both
interparticle and external fields, assuming that particles in A, do not
interact with those in A¢, which are frozen. For the hypotheses on % and @
and for the local finiteness of x, such solution does exist for any ¢ € R.

T is called the nth partial dynamics.

Given p €R? ¢ €R™, let T,(p) denote an open sphere in R3, of
diameter ¢ and center p.
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For any x € % let us define the following quantity:

Hx wo)= 3 LiplP+ 4 S olg - gl)+ Shig)+ I (B+1)
i .l,_/] . 1 1
7 22)

where S means that the sum is taken over the particles in I',(p) and
B = Bl + b.

Notice that, by Properties 2.5 (¢), (d), H(x; p,0) > 0.

For any e satisfying 0 < € <y5 — 2, let p:R* >R™* be a continuous
function defined as

(a) @(-) = max{L,(-)"} 23)
(b) A+e/2<y<(1—-¢/(1+¢ )
Let us define
H(x; p,0)
Q(x)=sup sup ——— (2.4)
B ez el o
Ko={x€EX :Q(x) < + 0} (2.5)

We will show the existence of the evolution for configurations in %,.
Furthermore this set will turn out to be of measure 1 with respect to
physically “interesting” measures.

We give now our main theorem, whose proof will follow in Section 3.

Theorem 2.6. Suppose & and 4 satisfy Properties 2.5, with a’ < (1 —
€)/(1 + €), € as in (2.3). It is possible to define a one-parameter group of
transformations T, : X,— %, x —> T,x such that the following are true:

() T,x=1Ilim, T x in the sense of the local convergence, for any
teR, xeX,.

(i) If we put T,x = {q,(0), p()} ;1. ... «» then for any i, g; and p,
are differentiable functions of time and satisfy (2.1).

(iii) There exist a continuous increasing function g:R* —>R* and
w € R* such that

Q(Tx) < g(h[ 2(%)]”

(iv) T,x is the only solution of (2.1) in the class of all solutions
satisfying the bound:

Q(Tix) < G(1, 2(x))

where G is any continuous function of both the arguments.

3. EXISTENCE AND UNIQUENESS OF THE DYNAMICS

Before going on with the proof of the theorem, we prove some
estimates; we will make an essential use of the energy conservation law.
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For any x € %, let us set
T7'x = {g"(1), P ()}
and

D(n,ry= sup  sup ||g"(7) — ¢:(O)ll
(A, 0< <t

From now on we will write x in place of x(0). Furthermore, A and T
will stand for open spheres in R and any other region will be indicated
with €.

Estimate 3.1.

D(nt)< sup sup [ ||p(s)lds
gOEA, 0<r< /0

< t[2H(x;0,n)]]/2< t[ZQ(x)]‘/zn(He)/z'
This immediately follows from (2.4).

Let 9, (n,t) be the number of particles that interact with the ith
particle, in the nth dynamics, during the time interval [0, ]. We have

Estimate 3.2. There exists a positive constant C;, such that, if ||g,(0)|]
<mn,

Nn, 1) < Cot' T Q(x)C*92pU*OY [y asin (2.3)]

Proof. From (2.2), (2.4), and the properties of ®, we get
N(n,t) < H(x;4,(0),2D(n,t) + R)

< Q(x)-[2D(n )+ R+ o(llg:(O))] "

The Estimate follows from 3.1 and (2.3).
From Property 2.5 (d) we finally have the following:

Estimate 3.3.

sup  sup [DOR(g ()< ci[ H(x:0,m)]% < i @(x)] 1+
g(OYEA, 0<7<1

fork=1,2.

Proof of Theorem 2.6. We will give the proof in three steps. Step 1:
for any x € %,, T/x locally converges to T,x; step 2: T,x is a one-
parameter group of maps of %, onto itself; step 3: T,x is unique in the
sense of (iv).

Step 1. Let x be any configuration in %, and T,x its evolution under
the nth partial dynamics. Let A, be an open sphere of R? centered at the



Time Evolution of Infinitely Many Particles 821

origin and of diameter &, and take n > [k, + 2D(n,¢) + R + 1], where [-]
stands for the integer part.
We will denote

8i(n, 1) = lg"*'(8) — ¢" (Dl

w(nt)y= sup 9;(n,t), k<n
g0 E A,

Let n be so large that particles in A, , in the (n+ l)th partial
dynamics, during the time interval [0,f], are not influenced by particles
initially in A, , \A,. Then by the Newton equations, we get

a0y < [lpr ™ (n) = A7)

! T n+1 . n
< [dr [Tas | F (TS ') = F(T)) (3.1)
Let us compute now
IF,(T8 x) = F(TTx)l)
< T {IV (g7 (5) — g7 ()I1) = V.2(llg(5) ~ 4" ()}

i)
+ Hvih(%nﬂ(s)) = Vir(g" ()
< M3 ([Ig7 1 (5) — o)+ g7 (5) = (o) e )
]

+ Con 9% g () - ¢/(5)l] (3-2)
this follows from Estimate 3.3, with M = max,, x[®"(r)| and x, the
indicator function of the set {g; : {|g;(s) — ¢,(s)|| < R}. Then, if we call Ay,
the open sphere containing the particles that could influence particles at
time 0 in A, , during the time interval [0, ], we get

(32) K 2M N (n + 1,0y (n,1) + c,n Oy, (n,1)

then, by virtue of Estimate 3.2, taking the supremum over A, in (3.1), we
have

U (1, 1) < C3[ Q(x)](3+e)/211+e[n(1+e)7 + n(l+e)a']fotd7j(-)7ds. g (1, 5)

and &, = [ky+2D(n,t) + R + 1]
We can iterate the procedure / times, if

I2D(n,6)+ R) < n/4 (3.3)
From Estimate 3.1, choosing / = C,{[ @(x)]"/%} ~'n!=9/2 inequality (3.3)
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is satisfied, and hence
wo(m1) < (265 @(x)]) Tt awe s @] (34
with § = max{a’,v}. Moreover, by the choice of /,
u(mt) < CL QP ]" PR/ [y )™ 35)

with 8’ =1+ 28 /(1 — €). Then v, (n,1)—>0 as n— co in an integrable way,
having chosen € and § as in (2.3).
We can find the same result for the following quantity:
o, ()= sup m(n,1)
GO E A,
with n,(n, 1) = || p" (1) = p (D).
Analogously we get

Dko(",t) < C61+1[ Q(x)tz]ﬁ’(Hl)lza(1+g)(1+1)/(1-5)[(21)!]—

(C5, Cy4, Cs, Cg suitable positive constants).

This shows that ¢"(#) = ¢,(f) and p/"() > P(¢) as n—> oo.

Call T;x = {g;(t), p(O)}i=1,. ... - In order to prove that the conver-
gence is in %, it remains to be shown that T,x is locally finite. To this
purpose, we now prove an n-uniform estimate for the displacements. If
s < n, we can write

1

(3.6)

g™ (1) — 4O < 1Ig’ (1) ~ ¢:(0)ll + ;le”qimﬂ(t) ¢ MOl BT)
Again let ¢,(0) € A, and
s >2[ Ko+ 2D(s,1) + R] (3.8)
By Estimate 3.1 and Egs. (3.3) and (3.4) we have
1g7(2) = GO < f[20(x)]%0+972 4 by(x,) 3 m—oCWIm (3.9

mzs

where
0< 0 <const/t[ 9(x)]'%r=(1~ /2 and b =(1[20(]")"

Then
Dy (mty= sup sup |g'(7) = g(0)l

GO EA,, O<T< 1

< 1[20(x)]7s1 492 + by(x, )e @@

<21 0(x)]"/?) s0ror2 (3.10)
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By (3.8) and Estimate 3.1, there exist b, and b, positive constants such that
s can be chosen as
§
s={[Qx)]"} (b + bsky), EERT (3.11)
Then, by (3.10) and (3.11) it turns out that the number of particles of 7x
in Ay ,N Ay (T7x), satisfies
Na (Tx) < Q(x) Ko+ 2by(x, )52 +9]' ™

by(1+ )

<b,0x){f 0(%]")

Moreover, let us note that, if £, is any bounded open region of R® with
diameter o, we have @, C I',(p) C A, for some p where ko= 2(|| u|| + o)
and ¢’ is some multiple of 6. Then, analogously we get

No. (1) < 5,00 (1 (0]} Tn+ o) @13)

by, bs, by are positive constants. This means that 7,x is locally finite. This,
together with (3.5) and (3.6) concludes the proof of step 1.
Step 2. Let x € %, and T’ (p) such that

|T,x N (8T,(p) X R®)[ =0

kite (3.12)

Then for n > N sufficiently large, it is:
|T/x N (61’0( p) X RS)] =0

and furthermore

|T7x 0 (To(0) X B¥)| = | Tox 0 (T, ) X B)|
We shall prove that it is possible to find an n-uniform estimate for
H(T[x; p,o). This will allow us to define

H (T,x; . o)
Q(T,x)= sup sup — e <+t (3.14)
wER? 0> (| 4l o

(3.14) will be proven, once we succeed in showing that
Q(Tx) < g(th[ e(x)]” (3.15)

which is a condition stronger than (3.14).
Let s > N; we have

n—1

H(Tx; p,o) = H(Tx; p,0) + m2=SH(7",’”“x; p,0) — H(T"x; y,0)
(3.16)
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Let us call
Ir(t, m) = H(Tt’"“x; p,0) — H(T"x; p,0) (317
[T stands for ' (p)]. It is

m 2 €
|98, m)| < N(T%)[20(%)]*m*972 sup m,(m,1)
)T

+ NX(T"x)M sup 8,(m,1)
g(0)eT

+ Ny(T/x) sup 8,(m,t)Cym{*9° (3.18)
g(0)eT

Now we choose s as in (3.11), with ky = || || + 0. Using (3.5), (3.6), and
(3.13) we get

[96(8, )] < ap(8,X)()| | + )1 Im OB DmT (3 19)
where 8’ = max{a’,1} and

ay(t,x) = g(1h)[ ()] (3.20)

with w € R and g(|¢|) = const - |¢}*, z € R*. Therefore
n—1
> H(t,m)
m=g

Since s is proportional to || p|| + o, the right hand side of (2.21) goes to 0 as
5= o0; then, for sufficiently large s,

< g(ltl)[ Q(X)]w(” ’L”+0)2(1+e)s(l+€).3'e—05" (321)

n—1
3 Fa(tm)| < ag(i)] (3] (322)

(a, is a positive constant). Finally, (3.11) and Estimate 3.1 imply
H(T;x; p,0) < H(x; p,0 +2Dy(s,1))

(L+e)&/2+1)

I+e
(o+] un)(“‘”)]

(3.23)

Then (3.15) follows by (3.22), (3.23) and (2.3). The same result holds also
for any bounded open region for which |77x N (02 X R*)|# 0. In fact,
since x is locally finite, it is possible to find an open sphere T' () which
strictly contains 2 and such that

|T7% 0 (3T4( 1) X R’)[ =0 (324

Step 3. Uniqueness of solutions is immediately seen, by the same
arguments used in step 1. If ¢,(¥) and Q,(¢) denote position at time ¢

< Q(x)[(c+ (fom]"™
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corresponding to the same initial datum ¢,(0) = Q,(0), we have
t
la(t) = @Ol < [I1Fi(4(r)) = F( Qu())lar
< t-la. (+as8 ! T S — O
const- g (O ** [[dr [[ds sup lgy(s) = Q,(5)1

(3.25)
where

1/2 )
ky = g0l + 2¢[ 0(x) ] 1140y +2 /2
We can iterate the procedure » times, with » arbitrarily large:

(325) < const” - (Ilg(O)il + nlig O+ " [2m)] ™" (3.26)

But the right-hand side of this inequality runs to 0 as n—> oo and so we get
the uniqueness.

4. %, 1S A FULL MEASURE SET

In Section 3 we have constructed a one-parameter group of transfor-
mations defined on a subset %, C %. Our purpose is now to prove that %,
is a measure-1 set, with respect to the Gibbs measure induced by a class of
suitable Hamiltonians.

Let us introduce the following definition:

Definition 4.1 (Superstability). Denote by #, a partition of R® with
cubes A of side A > R and by n(x,A) the number of particles of x in A. Let
U(x) =3 :.;39(9; — ¢l)- U will be called superstable if there exist posi-
tive constants 4 and B such that

U(x) > D, An*(x,A) — Bn(x,4)
AEP,
Consider the following function on %:
H(x) =3 31pl*+ 2 5214 - ¢ll) + Sk (4)
i ij i
where @ satisfies Properties 2.5 (a), (b) and Definition 4.1, and % satisfies
the following properties:

Properties 4.2. (a) Let « > 0; there exists C, > 0 such that, for any
open sphere T',(p) it is

J;e—ah(q,-) dq,< Caal+e

(b) }f(q) — h(q) > 0 where £ is the external potential in (2.2).
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Define the following measure:
Ndxy=1+ 3 Ldg dp, ... dg,dp,
n>0 -

with dg; dp, the Lebesgue measure in R* X R®. A finite volume Gibbs measure
relative to the Hamiltonian H is the probability measure on (%0(A), 2(A))

vg a(dx) = 71; e~ FHCI) (dx) (4.1)

where Z,, the normalization, is given by
Z =f e FHOI) (dx 42
A %K (A) (dx) (4.2)

with 8 =1/kT, T is the temperature, and k the Boltzmann constant; A is
any bounded Borel set in %.

Equation (4.1) is well posed for the properties of U(x) and }f(q).

Let us recall another definition. Let A be a bounded Borel set in %
and g, . . ., g, n particles in A. A finite volume correlation function relative
to the Hamiltonian H is the following function:

PA(q1> -+ >G> P>+ -+ > Pn)
1 1

ZA k>0 k!

np,n m

dg, ... dqua'p1 ... dpy (4.3)

pa(q1s - -5 gu5 P1s - - - » py) is proportional to the probability measure (with
respect to the Lebesgue measure) of finding n particles in the positions
gi»---5q,in A,

We will give now a crucial estimate for the correlation functions. After
this, we shall get existence for the infinite volume Gibbs measure and a
control on the expectation value of H on any open sphere.

First of all, we need a theorem whose proof, rather technical, which is
a slight modification of that given in Ref. 7, will be found in the Appendix.
In this proof, we make essentially use of the superstability of U(x).

n+k
X - U@qg,..., n +

Theorem 4.3. Let @ satisfy Properties 2.5 and Definition 4.1. There
are §,8 > 0, 8§ <1 such that

PA(G1s -5 Gns Prs-- s Pn)

<exp[—,89U(q1,...,qn) BZ[M+h( ,)}+n8'} (4.4)
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For any Z(A)-measurable function f, denote by
= XY, A (dx 4.5
(1) = [ SO (@) @5)
the expectation value of f relative to vg 4.

Theorem 4.4. Let v;, the Gibbs measure defined in (4.1) and
T,(n) C A. For A > 0 sufficiently small, there exists a £ > 0 such that

Vﬁ,A(G)\H(X;M’a)) < e§,1+e

Proof. From Definition (4.3) we get

VB’A(e?\H(x;y,u))

1
<k§0 m,f(‘era)kPA(ql FEPEPEN qk’Pl s e e ’pk)

U(qys -+ -5 q1)

+ 2 [ “PI” q; } )d%dl’l -« - dq, dpy

By Theorem 4.3 and Property 4.2(b), choosing A so small that 88 — X > 0
we get

X exp ()\

k A k
AH(x3p, 2 s ~(B=Ni(g
yp A(EMEB) < Zre (fe (B ’(q)dqi)
k>0 T

where z' = [gexp[— (B — M| p:l*/2)dp;] and & =8+ (89—~ \)B + 2?\
(B + 1). Therefore, by Property 4.2(a), we get the thesis, with £ = z’¢?
const.

From Theorem 4.3 and Ref. 7, it is possible to define an infinite
volume probability measure v, on (%, X), as weak limit of finite volume
Gibbs measures v, ,, for some sequence of Borel bounded sets A invading
R ie.,

= lim » 4.6

(/)= lim vga(/) (46)

for every continuous, bounded function f: % —R. We prove the following
theorem:

Theorem 4.5. Let »; be the infinite volume Gibbs probability mea-
sure defined in (4.6). Then

re(Kp) =1

Proof. First of all, we note that %, € =, since Q(x) is a measurable
function. We will get the thesis, if we can show that

ve(%X5) =0
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For any s €77, let us set
D,={oc€R* :6=m/2’,meEL")

and
5s={MER3,ME(M1,FLZ,M3):u,-=m/2’,mEZ}
Then it is
© 0 0
BeQlrem=ei=U N oam>r 4D
= s=0r=
where
H(x; u,0
Q,(x)= sup  sup ~(T+T—)
_pED, o€ED; [

o> (]l ul)
On the other hand, for any s € Z*, we have
{(x:Qx)>r}c U U {x 1 H(x; p,0) > ro'*<}  (4.8)
pED,; s€Da> (i 1l)

and so
vp({x: Qu(x) > r})
<[ +1] 3 pp({x D 5 M) (49)

k>0 se D
o> o(llul)

with || p|| = sup,| | = k/2".
By Theorem 4.5 and the Tchebychev inequality it follows that for any
T, (W) CA,

: AH(x; p,0)| > Arg!lte
o>q;(k/2f)VB’A({x exp[AH (x; p,0)]| > exp(Aro )})

< exp{—(}\r—é)[(p(k/f)]lﬂ} - const (4.10)

(4.10) is true also for g, since it is independent of the choice of A.
Then, for r > 0 large enough, we have

ve({x: Qy(x)>r}) <k20exp{ ~(\r —~ 5)[(p(k/23)]1+€} -const  (4.11)
and, for the properties of ¢,
vp({x:Qi(x)>r})>0 asr—o0 (4.12)
So we get the thesis, by (4.7).

Remark. In this proof it is not necessary to take ¢(k) growing as k”;
it would have been enough a logarithmic growth.
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5. COMMENTS

Let us interpret the results that we have obtained from a physical point
of view. Let A =0 and A satisfying Property 4.2 then Theorem 4.4 proves
that we are able to evolve a subset %, of initial data such that »4(%,) = 1
and to obtain an evolution for a class of states which are spatial perturba-
tions of equilibrium states, Gibbs with respect to H, of the system.

Note that %, is a measure-1 set also for other classes of states. For
example, we can consider states which exhibit suitable temperature
gradients, together with an external field A; %, will still be of measure 1, as
can be easily seen by obvious modifications in the proof of Theorem 4.5. If,
on the contrary, we are in presence of a physical situation in which there is
an external field & (for example, particles in a suitable electric field), then
the previous result for A =h enables us to get the time evolution of
nonequilibrium states supported on .

In this paper we have given a generalization of these two cases.

Let us also remark that Property 4.2(a) permits fields with cylindric
symmetry, asymptotically growing at least as (logp)!*", where 4 > 0 and p
is the distance of the particle from the symmetry axis. Nevertheless, as we
can see by a direct inspection of the arguments used in the proofs, it is
possible to consider external fields growing as logp. In this case, however,
not every value for the temperature is allowed.

Finally, as a consequence of Theorem 2.6(iii), let us note that there
exist time-dependent correlation functions, related to the time-evoluted
Gibbs measures »;, defined as

v (A) = rg(T_,A4), VdeX

In fact, for any bounded function f: @—R, with 2 C(R* X R*" a
compact set, there exist « € R* such that

f%vﬂ’, (dx¥)| f(x)| < glgglf(x)i . cost.fvﬁ,t (dx)[ Nﬂ(x)]a
<max| ()] cost. g(2)" [ 7 (40)] Q)]

Then, by standard arguments, we can prove the existence of time-
dependent correlation functions p,, satisfying the BBKGY hierarchy in the
weak form (e.g., see Ref. 5).
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APPENDIX: SOME PROBABILITY ESTIMATES

We will now give the proof of Theorem 4.3. We remark that our
estimate holds also for divergent two-body potentials and slightly improves
Ruelle’s estimates.” Nevertheless the techniques involved are the same.
Furthermore, / is not needed to satisfy Properties 4.2, since we will only use
its boundedness property.

We note first that, in case of zero particles, Theorem 4.3 is immediately
proven; then we shall make use of the inductive method on the number of
particles. The result will be valid in R?, d > 1.

Let us define the following quantities.

Definition 4.1 (Interaction Energy).

W(xylxy)= 2 Z <I>(||q, gll)

GEA g€
where
xa=xNAXRY), xe%X, ACR, ANCA®

Definition 4.2.
Eo(x)= X n*(x,4)

A ED,
A CQ
where 9, and A, are the same as in Definition 4.1 and £ C R
Definition 4.1 implies that, given any A C R?, we have the following
decomposition:
U(x)= U(xp) + U(xy) + W(xA| X pc)
Consider now a sequence of open cubes in R? of side 2kR, k € Z and
R the range of ®. From 4.1, 42 we immediately get the following Esti-
mates:

Estimate 4.3. Foranyk > landxEX itis
Wi(xalxp)> ~—m ' n(x,A)n(x,A) > ~2°mE, _ (x)
A

i C A
AjCAk+1\Ak

Estimate 4.4. Forany k > 1 and x €% it is
, nz(x,Ai) + nz(x,AA)
W(xy, |xp)> —m > 3 L
A CA,
AjCAk+1\Ak
> —2dm[EAk+1(x) — E5 ()]

where m = —infjo  ®(r) and 3 is the sum over the 4;, A/’s first neighbors.
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For any bounded open region A CR? and g > 1, let us define the
following sets:

Sy = {x €X(A): By, (x) > alA ]
S,=(xEXN): Ey (x) <alA,, | V> 0}

Here |A/| stands for the volume of A, and a is a positive constant.
Let x, and X, be the indicator functions on &,,5,, respectively. It is
easily seen that

K(A)=$, U ( N, N éq)) (A1)
q>p
Moreover, let us put
_ 1 s —BI-:’(XU )}
I == PA(d
P 2y @)

= _1_ BH(ny)}\ d
2 f% ¥eXee (@)

where x = {(g;, p)} =1, . .- We can suppose, without loss of generality,
that one of the n particles q;, . . . , g, is in the origin of R?. This will ensure
that at least one particle is in A,, p > 1. We will prove the following
inequalities:

I, < C, exp{ _Bel[ U(xA,,) + W(XA,, I xA;)J -B EA [hA(‘I:) + HPin/Z}
GEN,
+0,n(x, Ap)}pA(xA;) (A2)
I, < quxp{ —,802[ U(qu) + W(qu[xAcq)}

HP,H2

53 [h( )+

+ 8,n(x, Aq)}pA(xA;) (A3)
7EA,

with 8,, 8,, 3,, 8, positive constants; C, and C, positive constants depend-
ing on p, g, respectively, and such that

> C< +w (Ad)
q>0
On the other hand, we have

PA(Grs - sG> Pro -5 D) =1, + 21 (A5)
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Therefore, since |x N A% < n, Vk > p, we can apply induction on the
right-hand side A2, A3, and then, by (A5), get the thesis.

Proof of (A2). Letz=xU y, y={(q], p))} €§,. By stability of U
and Estimates 4.3, for 8, <1 we get

U(z) > 0,[ U(xs) + W(xa|Xs )]+ U(zas) — Bh(q,A,)

— (1 - 0)Bh(x,A,) — 2ma[ (1 + 8))|A,. | +|A,]] (A6)
and then, by the decomposition A(dy) = A(dy Ap) “Ady A;)

I, < exp{ — B[ U(xy)+ W(xAP\xA;)]
-6 3 [h@) +1217/2] + dn(x,) |
q,-EAP
x [A (dyAp)exp{Bn( ra)=8 3 [ha+ ||p;|12/2]}
X1/z f)x(dy c)exp{-—,BU(z J—B > [h( oy + ML HP:” ]
A A A s

+ pm2%a a(2+0,)-|A +1|} (AT)

and then we get (A2), with
¢, = exp[ Bm2°Ci|Ap + 1| + zePE*DCIA ||

Proof of (A3). Let z=xU y, yE§, ﬂ§ By Estimates 4.4 and
superstability of U, for 8, < B/(2"’m + B) we have

U(ZAq) Z 02[ U(ZAq) + W(qu | ZAfi)]
+ (1= 8)[U(za) + W(2a,125) ] + Ulzn)

1-8
> U(zpe) + 0, U(xy) + W(xp, | xp) ] + (C3 t— 2 C2)‘Aq|

(1 - 92)
2

92

—m(1+0,)Cyq?" ' — —— Bn(y,A,)) —

Bn(x,Aq)

(A8)
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Then

I, < exp{ = B[ U(xy )+ W(xp, | x4)]

+8n(x,Agy) — B ZA [%(g) + I pl?/2]
%€

)
Zq[h( i+ 120 H

giEA

xf)\(dyAq)exp{ —BZE . (1 + —g—)n(y,Aq) B

x1/Zy | A(dyA;)exp{ B~ UG~ 3[R+ np;u2/2}}
g €A

X exp[ —CslA,| + m(1+ 02)C4qd’1] (A9)
Let us set
C,=exp{zexp[ BB/2- (1+8)) +bB]q?+ Ceq?"' — C397} (Al0)

where C; is a positive constant proportional to a. Then (A4) follows, for
sufficiently large a, and this implies (A3).

REFERENCES

1. O. E. Lanford, Dynamical Systems, J. Moser, ed. Lecture Notes in Physics No. 38 (Springer,
Berlin, 1975), p. 1.

O. E. Lanford, Commun. Math. Phys. 9:176 (1968).

R. L. Dobrushin and J. Fritz, Commun. Math. Phys. 55:275 (1977).

J. Fritz and R. L. Dobrushin, Commun. Math. Phys. 57:67 (1977).

M. Pulvirenti, J. Stat. Phys. (to appear).

C. Marchioro, A. Pellegrinotti, and M. Pulvirenti, Proceedings of Estergorm Summer
School (1979) (to appear).

7. D. Ruelle, Commun. Math. Phys. 18:127 (1970).

S e



